The asymptotic behavior of the solutions of the second order differential equation with deviating argument
INTRODUCTION
The purpose of this paper is to study the asymptotic behavior as t ª ϱ of the solutions of second order differential equations with deviating argument of the form a t xЈ Ј q b t xЈ t q c t x t Ž .
Ž . Ž . Ž . Ž . Ž .
where a, b, c, and are continuous functions defined on ‫ޒ‬ and f is a q continuous function defined on ‫ޒ‬ = ‫ޒ‬ 4 . We shall prove, under certain q Ž . conditions, that the solution of Eq. 1 satisfying any given initial condi-Ž . tions behaves asymptotically as t ª ϱ like a solution of the differential equation a t yЈ Ј q b t yЈ q c t y s 0, t g ‫ޒ‬ . 2
q As a consequence, we obtain explicit asymptotic behavior of the solutions Ž . of some special types of Eq. 1 which shows the oscillatory behavior of these solutions.
Ž . We recall that the initial value problem of Eq. 1 is defined as follows Ž w x. see 1, 2 .
Ž .
Let inf
t s ␥ and be a given differentiable function defined t gw0, ϱ.
The initial value problem of 1 in the interval 0, ␤ is to find a Ž .
a t xЈ Ј exists on 0, ␤ and Eq. 1 is satisfied.
w . A solution that is continuable throughout the whole interval ␥ , ϱ will be called a regular solution. Here we deal with the asymptotic behavior of such regular solutions. We shall use a technique previously used in similar w x situations for ordinary differential equations 3 and integrodifferential w x equations 4, 5 . In our case, the technique depends on a generalization of w x the famous Gronwall᎐Bellman and Bihari inequalities 6 to include the case of a deviating argument. w x w x As in 4 and 5 , we suppose that the general solution of the second Ž . order linear differential equation 2 is known and for any two linearly Ž . independent solutions Z , Z of 2 we define 1 2
Ž . Ž . 
Ž . Ž . Ž . Ž . Ž . and N t r t t belong to L ‫ޒ‬ . 4 1 q
AN INTEGRAL INEQUALITY WITH DEVIATING ARGUMENT
We begin by proving a nonlinear integral inequality that is a mixture of Ž w x. Gronwall᎐Bellman inequality and Behari inequality see 6 .
Ž . Ž . Ž .
LEMMA 1. Let u t , f t , g t , and a t be nonnegati¨e functions with Ž . a t monotonic increasing. If t t p u t F a t q f s u s ds q g s u s ds,
0-pF1, Ž . Ž . Ž . Ž . Ž . Ž . H H ␣ ␣ then Ž . A for 0 -p -1, t Ž . 1 r1 yp Ž . f s ds s H t 1yp Ž . ␣ yŽ1yp. f u du H u t F e a t q 1yp e g s ds , Ž . Ž . Ž . Ž . H ␣ ␣ Ž . B for p s 1, t w Ž . Ž .x f s qg s ds H ␣ u t F a t e .
Ž . Ž .
Proof. For the case 0 -p -1. Let T be a fixed arbitrary positive w x number and t g ␣, T . Then
Ž . Differentiating y t , we get
Ž . From 3 , we obtain the Bernoulli differential inequality
Solving this inequality by the method used in solving Bernoulli equations, we get for
In this inequality, we put t s T. Since T is arbitrary and the last inequality w x Ž . holds for all t g ␣ , T the required result follows from 3 .
The case p s 1 is similar to the Gronwall᎐Bellman inequality. 
From which we get the required result.
3. ASYMPTOTIC BEHAVIOR THEOREM 1. Assume the following
The functions N T e t , N t r t t , N t r t t , 1 2 Ž . Ž . Ž . Ž . Ž . Ž . Ž . N t r t t , and N t r t t belong to L 0, ϱ . Ž . Ž .
We assume that
AЈ t Z t q BЈ t Z t s 0 8
2
Ž . Ž . For x t to satisfy Eq. 1 , we must have where K t s 1ra t f t, x t , xЈ t , x t , xЈ t . Ž . Ž . Solving the two equations 8 and 9 , we get
Then from Lemma 2 we have the following: Ž . Ž . Ž . Ž . 
The technique here is different and, comparati¨ely, simple.
